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                \begin{document}$${\mathcal {C}} ({\widehat{R}})$$\end{document}$ are finite, is a C-domain (\[[@CR10], Theorem 2.11.9\]), and these two finiteness conditions are equivalent to being a C-domain for non-local semilocal noetherian domains (\[[@CR23], Corollary 4.5\]). The following result is well-known (see Sect. [2](#Sec2){ref-type="sec"} where we gather the basics on C-monoids).

Theorem A {#FPar1}
---------

Let *H* be a C-monoid. Then *H* is completely integrally closed if and only if its reduced class semigroup is a group. If this holds, then *H* is a Krull monoid and the reduced class semigroup coincides with the class group of *H*.

The goal of the present note is the following characterization of seminormal C-monoids. Note that all seminormal C-domains are seminormal Mori domains (see \[[@CR2]\] for a survey) and that, in particular, all seminormal orders in algebraic number fields (see \[[@CR7]\]) are seminormal C-domains. Moreover, the seminormalization of any C-monoid is a seminormal C-monoid (Proposition [3.1](#FPar3){ref-type="sec"}).

Theorem 1.1 {#FPar2}
-----------

Let *H* be a C-monoid. Then *H* is seminormal if and only if its reduced class semigroup is a union of groups. If this holds, then we haveThe class of every element of *H* is an idempotent of the class semigroup.The constituent group of the smallest idempotent of the class semigroup (with respect to the Rees order) is isomorphic to the class group of the complete integral closure of *H*.

The finiteness of the class semigroup allows to establish a variety of arithmetical finiteness results for C-monoids (for a sample, out of many, see \[[@CR10], Theorem 4.6.6\] or \[[@CR8]\]). In the special case of Krull monoids with finite class group, precise arithmetical results can be given in terms of the structure of the class group (for a survey see \[[@CR25]\]). As a first step in this direction in the more general case of seminormal C-monoids, we establish---based on Theorem [1.1](#FPar2){ref-type="sec"}---a characterization of half-factoriality in terms of the class semigroup (Theorem [4.2](#FPar9){ref-type="sec"}).

Background on C-monoids {#Sec2}
=======================
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Let *R* be a (commutative integral) domain. Then *R* is seminormal (completely integrally closed, Mori) if and only if its multiplicative monoid $\documentclass[12pt]{minimal}
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A characterization of seminormality {#Sec3}
===================================

In this section we first show that the seminormalization and the root closure of C-monoids are still C-monoids. Since the seminormalization of a monoid is seminormal and the root closure is root closed and hence seminormal, Proposition [3.1](#FPar3){ref-type="sec"} shows that the natural closure operations, seminormalization and root closure, of C-monoids lead to seminormal C-monoids. Then we prove the characterization of seminormality, as formulated in Theorem [1.1](#FPar2){ref-type="sec"}. After that we discuss a special class of C-monoids, namely the monoid of product-one sequences over a finite group.

Proposition 3.1 {#FPar3}
---------------
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Proof {#FPar4}
-----
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Remark 3.2 {#FPar6}
----------
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A characterization of half-factoriality {#Sec4}
=======================================
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Half-factoriality has always been a central topic in factorization theory (e.g., \[[@CR3]--[@CR5], [@CR19], [@CR22], [@CR24]\]). In 1960 Carlitz proved that a ring of integers in an algebraic number field is half-factorial if and only if the class group has at most two elements. This result (which has a simple proof nowadays) carries over to Krull monoids. Indeed, a Krull monoid with class group *G*, that has a prime divisor in each class, is half-factorial if and only if $\documentclass[12pt]{minimal}
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All generalizations of Carlitz's result beyond the setting of Krull monoids have turned out to be surprisingly difficult. We mention two results valid for special classes of C-domains. There is a characterization of half-factoriality for orders in quadratic number fields in number theoretic terms (\[[@CR10], Theorem 3.7.15\]) and for a class of seminormal weakly Krull domains (including seminormal orders in number fields) in algebraic terms involving the *v*-class group and extension properties of prime divisorial ideals (see \[[@CR11], Theorem 6.2\] and \[[@CR13]\]).

In this section we establish a characterization of half-factoriality in terms of the class semigroup, that is valid for all seminormal C-monoids and based on Theorem [1.1](#FPar2){ref-type="sec"}. Although it is not difficult to show that the set of distances is finite for all C-monoids (\[[@CR10], Theorem 3.3.4\]), a characterization of half-factoriality turns out to be quite involved compared with the simpleness of the result for Krull monoids. But this difference in complexity stems from the fact that the structure of the class semigroup of a C-monoid *H* can be much more intricate than the structure of the class group $\documentclass[12pt]{minimal}
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Theorem 4.2 {#FPar9}
-----------
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Proof {#FPar10}
-----
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*Proof of  ***A4** .  Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a=\epsilon p_1 \cdot \ldots \cdot p_{\ell }\in F{\setminus } F^{\times }$$\end{document}$ be an atom of *H*. Assume to the contrary that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {l}}(a)=0$$\end{document}$. Then, for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\in [1,\ell ]$$\end{document}$, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[p_i]\in G^3$$\end{document}$, say $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[p_i] \in {\mathcal {C}}_{f_i}$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_i\in {\mathsf {E}}({\mathcal {C}}^*){\setminus } {\mathcal {C}}_H$$\end{document}$. Clearly, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[a]=[\epsilon ]+[p_1]+\cdots +[p_{\ell }] \in {\mathcal {C}}_{[a]}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[a]\in {\mathcal {C}}_{F^{\times }}(H, F) + {\mathcal {C}}_{f_1} + \cdots + {\mathcal {C}}_{f_{\ell }} \subset {\mathcal {C}}_{f_1+\cdots +f_{\ell }}$$\end{document}$ whence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_1+\cdots +f_{\ell }=[a]$$\end{document}$, a contradiction to (P4).

Assume to the contrary that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {l}}(a)\ge 2$$\end{document}$ and distinguish three cases.

CASE 1: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {l}}_1(a)\ge 2$$\end{document}$.
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The following example shows that both the number and the size of the constituent groups of the reduced class semigroup of a half-factorial seminormal C-monoid can be arbitrarily large.

Example 4.3 {#FPar11}
-----------
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Proof {#FPar12}
-----
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